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ABSTRACT. We introduce a differential topological invariant for compact differentiable 
manifolds by counting the small eigenvalues of the Conformal Laplace operator. This in- 
variant vanishes if and only if the manifold has a metric of positive scalar curvature. We 
show that the invariant does not increase under surgery of codimension at least three and 
we give lower and upper bounds in terms of the ct-genus. 



1. Introduction 

Throughout the paper let M be a compact oriented differentiable manifold of dimension 
n > 3. Given a Riemannian metric g on M the Conformal Laplacian L g is defined as 

L a = A a + 4( - n _ j\ ■ Scal 9 

where A g — d*dis the Laplacian and Scal g is the scalar curvature of g. The operator L g 
is an elliptic differential operator of second order, self-adjoint in L 2 (M,R). Let fio(L g ) < 
l^i(L g ) < ji2{L g ) < . . . be the spectrum of L g , the eigenvalues being repeated according 
to their multiplicities. Let / be a positive function on M, The Conformal Laplacian of the 

_ 4 

conformally related metric g = f ™- 2 g is given by 

(1) L g u = f-^L g (fu). 
Applying ([!]) to the function u = 1 gives the formula 

(2) Sca% = \_ 2 f~^L g f 
for the scalar curvature of ~g. 

We now introduce a differential topological invariant of a compact manifold by counting 
the number of small eigenvalues of the Conformal Laplacian. 

Definition 1.1. Let M be a compact differentiable manifold. The n-invariant k(M) is 
defined to be the smallest integer k such that for every e > there is a Riemannian metric 
g e on M for which 

Mk(£ fl J = 1> 

\m(L ge )\<e, 0<i<k. 
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If no such integer exists set k(M) := oo. 



Heuristic ally, k(M) is the dimension of the "almost-kernel" of the Conformal Laplace 
operator. 

By rescaling the metrics g e accordingly one sees that k(M) is also the smallest integer k 
such that for each constant C > there exists a Riemannian metric gc for which 

f Hk{L gc ) > C, 

1 \»i(L ga )\ <1, 0<i<k. 

Hence k(M) tells us which is the first eigenvalue that can be made arbitrarily large for 
appropriate metrics while keeping the preceeding ones bounded. 

If we made this definition using the Laplace operator acting on p-forms instead of the 
Conformal Laplacian, then by Hodge theory the resulting invariant would be nothing but 
the p th Betti number. 

From the fact that the spectrum of Mi + Mi is the disjoint union of the spectra of M\ and 
of Mi it follows that 

(3) k{M x + M a ) = k(Mi) + k(M 2 ) 

where we use sum notation to denote disjoint unions of manifolds. Also k(—M) — k(M), 
where — M denotes M with reversed orientation. The next proposition concerns the rela- 
tion between k(M) and scalar curvature. 

Proposition 1.2. Let M be a compact differentiable manifold of dimension n > 3. Then 

(1) k(M) = if and only if there is a metric of positive scalar curvature on M. 

(2) If M is connected and has a scalar-flat metric then k(M) < 1. 



Proof. If k(M) = then there is a metric with /io = 1. The corresponding eigenfunction 

4 

fo can chosen to be positive. From Equation (Q) it follows that g = / " 2 .9 has positive 
scalar curvature. Conversely, if g is a metric of positive scalar curvature on M then L g > 
and we can rescale so that /io = 1, Hence k(M) = 0. 

For a scalar-flat metric on M we have L = A > and the zero eigenspace consists of the 
constant functions. So if M is connected we have /j,q = and \l\ > 0. □ 



The following theorem controls the spectrum of L g under surgeries of codimension at least 
three. This will enable us to examine the behavior of k(M) under such surgeries. 



Theorem 3.1. Let (M, g) be a closed Riemannian manifold. Let M be obtained from M 
by surgery in codimension at least three. Then for each k € N and for each e > there 
exists a Riemannian metric g on M such that the first k + 1 eigenvalues of the operators 



L g and L g are e-close, that is 



\Hj(L g ) - fij(Lg)\ < e 

forj = 0, . . . ,k. 



As an immediate consequence we obtain 
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Corollary p.2| . Let M be a compact differentiable manifold of dimension n > 3. Suppose 
M is obtained from M by surgery of codimension > 3. Then 

k(M) < k(M). 



Hence for any n S No the property of having k < kq is preserved under surgery of 
codimension at least three. For k = this means that the property of admitting a metric 
of positive scalar curvature is preserved under such surgeries. This is a famous by now 



classical result of Gromov and Lawson [ 10 1. We do not give a new proof of this fact since 



we use the work of Gromov and Lawson when we prove Theorem 3.1 



As to the case kq = 1 it is interesting to note that the property of allowing a scalar fiat 
metric is not preserved under such surgeries. It follows that the converse of statement (2) 



in Proposition 1 .2 does not hold. For example, the n-dimensional torus T n has a flat metric 
but no metric of positive scalar curvature flTT|]. Thus n(T n ) = 1. Performing surgery in 
codimension at least three on T n yields a manifold M n not admitting metrics with positive 
or zero scalar curvature. Yet we have K,(M n ) = 1, 

Also note that the condition k = is not preserved under surgery of codimension 2. Like 
any compact connected 3 -manifold the 3 -torus T 3 can be obtained from S 3 by a sequence 
of surgeries in codimension 2. But we have k(T 3 ) = 1 > k(S 3 ) = 0. This also shows that 



Theorem 3.1 cannot hold for surgeries in codimension less than three. 



The K-invariant measures how close L can come to being a positive operator for some 
Riemannian metric on M, Since L is positive if and only if M allows a metric of positive 
scalar curvature one can also view k as a measure of how close one can get to having 
positive scalar curvature. Therefore it is not unreasonable to suspect that k is related to 
the A or a-genus of M, the primary obstruction to allowing metrics of positive scalar 
curvature. We will see that this indeed is the case. On the one hand we have 



Theorem 2.4 . Let M be a compact spin manifold of dimension n = 4m. Then 

\A(M)\ < 2 2m - 1 K (M). 



As an application we obtain the following isoperimetric result. 

Corollary |2.5| . Let M be a compact spin manifold of dimension n — 4m with \A(M) | > 
2 . Then there exists a constant C = C(M) such that for each Riemannian metric with 
| Seal | < 1 there exists a hypersurface S C M dividing M into two connected components 
Mi and Mi such that 

veln-iOS) < C ■ min{vol n (M 1 ), vol n (Af 2 )}. 



On the other hand we can bound k(M) from above in terms of the dimension and the 
a-genus, at least for simply connected manifolds of dimension n > 5. First we make the 
following 

Observation. Let M be a simply connected compact differentiable manifold of dimension 
n > 5. If M is non-spin or if n = 3, 5, 6, 7 mod 8 then 

k{M) = 0. 



4 



CHRISTIAN BAR AND MATTIAS DAHL 



This comes from the fact that in these cases M is well-known to carry a metric of positive 
scalar curvature, see JTo|l, [O]. 

In dimensions n = mod 4 the a-genus of a spin manifold is integer-valued and it 
essentially coincides with the A-genus. More precisely, if n = 81 then a(M) = A(M) 
while if n = 81 + 4 then a(M) = \A{M). 



Theorem 4.4 Let M be a simply connected differentiable manifold of dimension n = 
mod 4. Write n = 81 or n — 81 + 4 with I > 1 and let \a(M)\ = A l p + q, p > 0, 

< q < A 1 . Then 

k(M) < p + min{<7, 1}. 

As a special case we see that for spin manifolds as in the Theorem we have k = 1 if 
a = 1. In dimensions n = 1, 2 mod 8 this and the converse is true. In those dimensions 
we have a(M) G KCT"(pt) Z/2Z. By \a(M)\ e Z we mean if a(M) is trivial and 

1 otherwise. 



Theorem 4^. Lef M be a simply connected spin manifold of dimension n = 81 + 1 or 
8/ + 2, I > 1. 77!en 

K (M) = |a(M)|. 



This shows that /c(M) can distinguish certain exotic spheres. In particular, k(M) is not 
invariant under homeomorphisms, only under diffeomorphisms. 



Even though Theorem 2A shows that k(M) can become arbritrarily large it turns out that 
in a stable sense it takes only the values and 1. More precisely, let B be a compact simply 
connected 8-dimensional spin manifold with A(B) = 1. Then a(M x B) — a(M) for all 
spin manifolds M. 



Theorem 5.1. Let M be a simply connected spin manifold. Then 

k(M x B p ) < 1 

for all sufficiently large p. 

In the interesting work [|l5| the scalar curvature-related Yamabe invariant is studied using 
similar applications of the surgery and bordism results of [|l0|], p7|]. 

The paper is organized as follows. In Section 2 we estimate k(M) from below and prove 



Theorem |2.4| . This is achieved by comparing k(M) to the dimension of the kernel of the 
Dirac operator using a spectral comparison principle of Gallot and Meyer. This is another 
manifestion of a deep relationship between the spectrum of the Conformal Laplacian and 
the Dirac spectrum which was first observed by Hijazi who compares the lowest eigenval- 
ues in JT2]]. Another important ingredient is a refined Kato inequality for harmonic spinors. 
In Section 3 we study the behavior of the spectrum of the Conformal Laplacian and prove 



Theorem 3.1 This together with standard results from bordism theory is used in Section 4 



to derive upper bounds on n(M). Manifolds with special holonomy occur as important 



building blocks. In the final section we study the stable limit and prove Theorem 5.1 
Moreover, we discuss the behavior of k(M) when M is replaced by a finite covering. It 
turns out that not much can be said in general, k can decrease, increase or remain unaltered. 



The authors wish to thank Stephan Stolz and the referee for insightful comments. 
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2. Lower bound for k 

In this section we are going to find a lower bound on k in terms of the ^4-genus. This will 
follow from a spectral comparison result relating the kernel of the Dirac operator to the 
spectrum of the Conformal Laplacian, in the spirit of Gallot and Meyer [|||. The two main 
technical points of the spectral comparison theorem are the "Hilbertian lemma" of ^ and 
a refined Kato inequality for the Dirac operator, which we now recall. 

Let E be a Riemannian vector bundle over M of real fiber dimension I. Let H be a subspace 
of L 2 (M, E) of (real) dimension h and let K be a subspace of L 2 (M, M) of dimension k. 
Let ttk be the orthogonal projection onto K. 

Theorem 2.1. [^[j Suppose h > k(l + 1). Then there exists tp g H such that 

(4) "-^"^(^saTTF)^ 2 - 

The classical Kato inequality states that |d|</?|| 2 < |V</?| 2 wherever ip ^ 0. If ip is a har- 
monic spinor field this can be improved as follows. Denote the (complex) spinor bundle of 
a Riemannian spin manifold M by EM. 

Proposition 2.2. Suppose ip is a harmonic spinor on an n-dimensional Riemannian spin 
manifold, i. e. Dip — where D is the Dirac operator. Then 

MMI 2 <^|v^| 2 

n 

at all points where ip is non-zero. 



Proof. This proposition is a special case of the general work on refined Kato inequalities in 
|||]. 1^]. For the convenience of the reader we give a simple direct proof. Fix a point p £ M 
at which ip(p) ^ so that \tp\ is differentiate at p. We define ir G End(T p Af ® E p M) by 



ir(X (g) ip) := ^2 e i ®ej-X -ip, 

71 3=1 

where e\,...,e n is an orthonormal basis of T p M and • denotes Clifford multiplication. 
Here we use the real tensor product of the real vector space T V M and the complex vector 
space X p M to obtain a complex vector space T p M <g> T, p M. Equivalently, we could com- 
plexify T p M and then use the complex tensor product. Moreover, T p M <g) E p M inherits a 
Hermitian scalar product. 
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It is readily checked that tx is independent of the choice of orthonormal basis and that n is 
an orthogonal projection. Denote the complementary projection 1 — tt by tt'. We compute 

(7r'(X®^),7r'(J®^)) = {X®^,X®^) 

-2 Re I^X ® V, ~ ^2 e i ® e i ' X ' ^ 



+ ( -— ^ e, ® e-j ■ X ■ tp, —— e k ® e k ■ X ■ tp 
\ n j n k I 

3 



3 



= \x\ 2 \M 2 -l\x\ 2 \M 2 + l -\xf\M 2 
= ^±\x\ 2 m 2 . 



n 

Now we return to the harmonic spinor (p. Note that 



7r(V(^) = tt ( ^2 e/c ® V efc 95 j = -- y^ej <g> eje k V ek <fi = -- ® e^-Dt^ = 0, 

so V<^ = 7r'(Vv?). Choose a unit vector X g T p M such that \d\ip\ \ = (X, grad \tp\). Then 
we have 



< \(Vx<P,V>)\ 

= \(V(p,X®<p}\ 

= \(n'(V<p),X®<p) 

= | (V(p,n'(X® <p)) 

< |V^||7r'(X®^)| 



n 1/2 

• ~) l- y l 



1 \ V 2 
n — 1 x 



lvliv^|. 

□ 

For e > define the smooth approximation | • | £ of the norm | • | by \ip\ e := (\(p\ 2 + e 2 ) 1/>2 . 
If ip is harmonic it follows from the refined Kato inequality that 

(5) |%| £ | 2 = g|dM| 2 <^|V^| 2 

L P\e n 
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at points where ip ^ 0. Since {x € M | y(a;) 7^ 0} is dense in M for harmonic ip we 
conclude that (||) holds on all of M. 

Now let M be a compact Riemannian spin manifold and let SM be a sum of copies of the 
spinor bundle SM, or in even dimension a sum of copies of S + Af and S~M, the bundles 
of positive and of negative half-spinors. Let I be the real rank of SM and let h be the real 
dimension of the kernel of D 2 acting on sections of SM. Let C(n, I) — ^^(n-Z) 1 ^ 1- 

Theorem 2.3. Suppose that for some k > 1 we have 

Hk{L g ) > -C{n,l)no{L g ). 

Then 

h<k(l + 1). 



Proof. Let K be the subspace of L 2 (M, K) spanned by the eigenfunctions of L g corre- 
sponding to the eigenvalues p,o, /ii, . . . , Mfc-i an d let H C L 2 (M, SM) be the space of 
harmonic spinors, so that diiriR H = h. 



Let / be a positive eigenfunction for fio and suppose h > k(l + 1). Theorem 2. 1 then gives 
us a spinor in f~"^ H satisfying (Q), that is 

(6) llMir ^Dll 2 < (1 - tjtt 1 ^ wr^vt 



8(i + l) s 



where ip E H. 



Define the conformally related metric ~g = f"- 2 g. Then Tp = f~~^ 1 Lp satisfies Dip = 
where D is the Dirac operator defined using g, see for instance [|[. From the Schrodinger- 
Lichnerowicz formula and (||) we have 

= ^||25p||» 

n a 

n — 1 ..— „o n — 1 , 
= __||V^|||+^— (ScaV^,^)- 

n —\ 

> (A|^| £ ,|^| e )_+__(ScaV^^)- 

TL — 2 Th — X 

= (Lglvle, \<f\s)j - 4 ^ — jr (Sca%|^| £ , |^| E )_+ (Sca%|^|, |^|)-. 

Using ([]]) we compute for the first term 

(%|<7J| £ , |<7J| £ ) = / f-^L g (f\<p\ E )\<p\ e f^-dV g 



Jm 

= {L g UW\e)JW\e) g 

= {L g TT K {fW\e)^K{fW\e)) g + (L g TT K ±{f\Tp\ E ),TT K ±(f\Tp\ E )) g 
> V0hK(mU)\\ 2 + (ll/I^MI 2 ~ ||M/|^|e)|| 2 ) 

= (mo - vk)hK{fW\s)\\ 2 + Aifc||/|^MI 2 

where ttk and ir K ± are the orthogonal projections onto K and K . Letting s go to zero 
we get 

(7) > ( Mo - Hk)\\n K (fm)\\ 2 + VkWfmf + 4n(n X _ 1} (Scaly |^|, ffl^. 
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Using (^) we can estimate the first term of (0) as 

(mo -Mfc)lk/f(/|^|)|| 2 = (mo-m/OHMI-T^DI! 2 

> (Mo -W) (1-8^)11/-^^ 
From (Q) we get for the third term of ([7]) 

(ScaV|^|,|^|) - / S C ^r 2 ^W\ 2 f^dV g 
Jm 

|2, 



Scalgf—\f- — Lp\ z dV g 

M 

4(n ~ 1} f f-iL gf \r^dv g 



n-2 

4(n-l).. M ,_^.. l|2 



mo||/~^</>II 



Together we have 



> ((Mo-M fc )(l-8^)+M fc + ^^yMo)||/-»-^|| 

I f /8(2 + l) 2 (n-l) 2 \ \ ^l. a 
M/b + / \, - 1 Mo ||/ - 2 <P|| 



8(i + l) 2 V V "(« - 2 ) 

! ( Mfe + C(n,0Mo)||r^^l! 2 



8(/ + l) 2 

so fik < —C(n, I) no, which contradicts the assumption in the Theorem. We conclude that 

h<k(l+l). ' □ 



Using Theorem 2.3 we now prove a lower bound for k(M). 

Theorem 2.4. Let M be a compact spin manifold of dimension n = 4m. Then 

\A(M)\ < 2 2m - 1 K (M). 

Proof. If k(M) = then M has a metric of positive scalar curvature and A(M) = 0, so 
we assume k(M) > 0. Also we assume that A(M) > 0; if this is not the case then change 
the orientation of M. 

Let p be an integer such that 2p > k(M). Choose a Riemannian metric g on M for which 
lMo(£s)| < 1 and Mk(m) (£g) > C(n, /) where 2 is the real rank of SM = pE + M. Hence 

fJ> K (M){L g ) > -C(n,l)p (L g ). 

We have A(M) = h+ — h- <h+ where h± is the complex dimension of the kernel of D 2 
acting on sections of T^M. Consider D 2 acting on sections of SM. The real dimension of 
the kernel is p ■ 2 ■ h+ and the real rank of SM is p ■ 2 • 2^ n / 2 ^ 1 = p ■ 2 2m . From Theorem 
2.3 we conclude that 

p-2-h+< k(M) (p ■ 2 2m + 1) 

so 



\A(M)\ = A(M) <h+< 2 2m - L K (M) + 



2p 

The result follows since ^ < 1 and the other terms are integers. □ 
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Since manifolds admitting Riemannian metrics with non-negative scalar curvature satisfy 
k(M) < 1 we get | A(M)| < 2 2m ~ 1 for such manifolds. In case M has finite fundamental 
group 7ri(M) Futaki [|7[ Cor. 2] shows the stronger estimate \tti(M)\ ■ \A(M)\ < 2 m for 
manifolds admitting non-negative scalar curvature. If M has infinite fundamental group 
then Mathai @, Thm. 1.3] proves that A(M) = 0. 



As an application of Theorem 2.4 we obtain the following result saying that under the 
topological condition |A(M)| > 2"/ 2 ~ 1 and under the normalizing condition | Seal | < 1 
the manifold has a "neck" of uniformly bounded size. 

Corollary 2.5. Let M be a compact spin manifold of dimension n = Am with \ A(M) \ > 
2 2m_1 . Then there exists a constant C = C(M) such that for each Riemannian metric with 
| Seal | < 1 there exists a hypersurface S C M dividing M into two connected components 
M\ and Mi such that 

voln-iiS) < C ■ min{vol n (Af 1 ), vol„(A/ 2 )}. 




Fig. 1 



Proof From |A(M)| > 2 2m ~ 1 we conclude by Theorem f^j that k(M) > 1. Thus there 
exists a constant C\ such that for each metric g we have \/i (L g )\ > or MxC^s) — 

C\. For a metric g with | Scal g | < 1 we obviously have \fia(L g )\ < 4 ^Zp an( ^ nen ce we 
must have fii(L g ) < C\. This implies for the first positive Laplace eigenvalue /ii(A s ) < 
Ci + 4( ^J 2 L) . Cheeger's inequality [||] says that \ < p,i(A g ) where 

X S min{vol n (M 1 ),vol„(M 2 )}' 
The corollary follows. □ 



Note that this statement is not true for manifolds admitting scalar flat metrics since one 
can then rescale the metric without violating | Seal | < 1 and make Cheeger's constant f) 
arbitrarily large. Hence an assumption like |A(Af)| > 2 2m_1 (or rather k(M) > 1) is 
necessary. 



3. Surgery and the Conformal Laplacian 



The aim of this section is to study the behavior of the spectrum of the operator 

Lg = Ag + C ■ SCalg 

under surgery on the underlying manifold. Here c is a fixed positive constant which could 
e. g. be c = ^(IZ-i) • Since the precise value of c is irrelevant for the results of this section, 
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in particular the conformal behavior of the operator plays no role, we will work in this 
slightly larger generality, still denoting the resulting operator by L g . More specifically, we 
will show 

Theorem 3.1. Let [M, g) be a closed Riemannian manifold. Let M be obtained from M 
by surgery in codimension at least three. Then for each k € N and for each e > there 
exists a Riemannian metric g on M such that the first k + 1 eigenvalues of the operators 
L g = A g + c • Scal g and Lg — Ag + c ■ Scalg are e-close, that is 

\(J,j(L g ) - fij(Lg)\ < e 

for] = 0, ...,fe. 

As an immediate consequence of this theorem we see that k does not increase under surg- 
eries of codimension at least three. 

Corollary 3.2. Let M be a compact differentiable manifold of dimension n > 3. Suppose 
M is obtained from M by surgery of codimension > 3. Then 

k(M) < k(M). 

If M can be recovered from M by a surgery of codimension > 3 then n(M) = n(M). This 
can be done e. g. if M can be obtained from M by surgery of codimension k, 3 < k < n— 2 
where n > 5, or if M = M#(S" fe x S n ~ k ) where n > 5 and < k < n. 

Remark 3.3. Corollary |3 .2| together with Theorem 2.4 makes it possible to compute k{M) 



exactly for some manifolds M. Let K3 be the 4-dimensional K3-surface, this is connected 
and has a scalar-flat metric but no metric of positive scalar curvature, so k(K3) = 1. Let 

M = K3 # . . . # K3, k summands. 



Then Corollary 3.2 tells us that 

k{M) < k(K3 + • • • + K3) = k ■ k(K3) = k. 



On the other hand Theorem 2.4 gives us 



2k(M) > A(M) = k ■ A(K3) = 2k 

so that 

k(M) = k. 



Note that Theorem 3.1 would not be very meaningful for the Laplace-Beltrami operator, 
i. e. for c = 0. By a result of Colin de Verdiere Q| it is possible to prescribe any finite 
number of Laplace eigenvalues. 



The proof of Theorem 3.1 requires some preparation. First we show that despite the fact 
that second derivatives of the metric enter into the scalar curvature the eigenvalues of the 
operator L g depend continuously on the metric g with respect to the C 1 -topology. 

Lemma 3.4. Let (M, g) be a closed Riemannian manifold. For each k £ N and for each 
e > there exists a C l -open neighborhood of g in the space of smooth Riemannian metrics 
such that for each g' in this neighborhood we have 

for j = 0,...,k. 
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Proof. The quadratic form corresponding to the operator L g is given by 

mh^ (LgU, u)z,2 (M;S ) = (du,du) L 2( M ^ g) + c(Scal 9 m,m) L 2( MjS) 

where (•, -)L 2 (M,g) denotes the L 2 -scalar product with respect to g. No derivatives of the 
metric enter into (du, du) L 2/ M g y Choose a partition of unity xi, ■ ■ ■ , Xr eacn Xj having 
its support in a coordinate chart. Then 

r 

(L s «,u) L 2 (M;9 ) = (du,du) L 2( M ^ g) + c^2(Sca\ g u,Xju) L 2 (Mi gy 
In local coordinates 

Seal --V a^a? 5 ( ^ 9a& + gVr - - J^S\ + Ma da) 

a/375 v 7 

where dg) is an algebraic expression in the g a p and their first derivatives. The crucial 
point here is that the second derivatives enter linearly into the expression for Scal g . This 
allows us to reduce the degree of derivatives of g by a partial integration: 



(Scal 9 u, Xj u ) — / Xj Scalg u 2 ^J Act^g^dx 1 ■ ■ ■ dx r ' 



- m- 



dg a s d dgp 1 d dg ai d dgp S d 



dx~< dxi 3 dx s dx a dx s dx? dx~< dx a 

ap-yo 



+A(g, dg)) (g^g^x^^detig^dx 1 ■ ■ ■ dx n . 



Since Xj has compact support in the coordinate chart there are no boundary terms. Thus 
(L g u 7 u) L 2 (M, g ) is the integral of a quadratic expression in u and its first derivatives with 
coefficients being algebraic expressions in g and its first derivatives. Hence (L g u, w) L 2( M g \ - 
(Lg>u, u) L2 ( M ff ,s is the integral of a quadratic expression in u and its first derivatives with 
small coefficients if g 1 is C 1 -close to g. It follows that 

(L g u,u) L2{Mg) - (Lg,u,u) L2(Mgl) < e(g') {{L g + k)u, u) L2(Mg) 

c 1 

for all u £ C°°(M) where e(g') — > as g' — > g and k is a constant sufficiently large as 
to make the operator L g + k positive, for example k = | min Scal ff | + 1. The lemma now 
follows from the variational characterization of eigenvalues 

, T \ • r (^9' U ' M )l 2 (M.9) 

Un(L a ) = ml sup — - — - ■ — 

and similarly for [ij(L g i). □ 

Remark 3.5. The proof of the lemma also yields a simultaneous eigenvalue comparison 
for all eigenvalues, not just for the k + 1 first ones. Namely, for each e > there is a 
C 1 -neighborhood of g such that for all g 1 in this neighborhood 

(1 -e)/j,j(L g ) - e< Hj{L g ,) < (1 +e)/j,j(L g ) +e 

holds for all j > 0. But we will not need this here. 

Next we derive information about the distribution of the L 2 -norm of eigenfunctions. It turns 
out that only a little bit of the L 2 -norm of eigenfunctions corresponding to low eigenvalues 
is contained in a region of large scalar curvature. 
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Lemma 3.6. Let M be a closed Riemannian manifold. Let A, So, Si G M, Sq < Si. 
Suppose the scalar curvature of M satisfies Seal > So. Put 

M + := {x G M | ScalO) > Si}. 

For any smooth function u satisfying 

(Lu,u) L 2 (M) < A 2 ||u|| 2 2(M) 

the following inequality holds: 

i2, T ,^ A 2 /c-S f , 



n\'dV < —J ^ / \u\ z dV. 

+ 



Mi S\ — S J M 



Proof. We compute 

< / |du| 2 dF= / uAudV 

JM JM 



' M JM 

uLudV - c [ Seal \u\ 2 dV 

M JM 



Hence 



and therefore 



< A 2 f \u\ 2 dV-cS [ \u\ 2 dV-cSi( \u\ 2 dV. 

JM JM\M+ JM+ 

(cSi - A 2 ) f \u\ 2 dV < (A 2 - cS ) / \u\ 2 dV 

JM + JM\M + 



(cSi - cS ) / \u\ z dV < (A z - cS ) / \u\ z dV. 

IM+ JM 



□ 



We will also need some finer control on the distribution of the L 2 -norm on annular regions. 
For a compact submanifold N C M and for < R\ < R2 define the "annular region" 

A N {R 1 ,R 2 ) := {x G M \ Ri < dist(x,N) < R 2 } 

and the distance sphere 

S N {R) := {x E M I dist(x, N) = R}. 

Lemma 3.7. Let M be a Riemannian manifold and let N C M be a compact submanifold 
of codimension at least 3. Then there exists < R < 1 such that for any < r < R 11 /2 
and any smooth function u : Aj^(r, (2r) 1 / 11 ) — > M the following estimate holds 

2 

< 10r 5/2 



\ U \\L2(A N (r,2r)) 



hyll 2 



provided 

ud v udA > 



'Sjv(p) 

holds for all p G [r, (2r) 1 / 11 ]. Here v denotes the unit normal vector field of Sn(p) point- 
ing away from N. 

The proof was given for spinors in [|l[j, Lemma 2.4, and it carries over without changes 
to sections of an arbitrary Riemannian or Hermitean vector bundle equipped with a metric 
connection. In particular, it holds for functions. 
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Proof of Theorem 3.1 We introduce the eigenvalue counting function Af g : K — * No 
where Af g (X) is the total number of eigenvalues < A of L g counted with multiplicity. 
We will show that given e > and Ael there exists a metric g on M such that 

K(X-e) < Af g (X) <M g (X + e) 



for all A < A. The theorem then follows easily. 

Let Eg(X) C L 2 (M) denote the direct sum of the L g -eigenspaces for all eigenvalues 
< A. Hence dimE g (X) = Af g (X). Let N C M be the sphere along which surgery will 
be performed. Let k be the codimension of N in M. By assumption k > 3. Denote the 
distance tube of radius r about N by Un(t), that is, 



U N (r) := {x e M | dmt(x, N) < r}. 
We will first show that given e > and Ael there exists R > such that 

A/- 9 (A- £ )<A/" 5 (A) 



for all A < A provided (M, g) contains an isometric copy of M \ f/jv(r) for some < r < 
R. 

For r > let \r ■ M — > K be a smooth cut-off function such that 



• < Xr < 1 on M, 

• Xr = on U N {r), 

• xr = 1 on M \ U N (2r), 

• |dXr| < I onM. 

Since (A) is finite dimensional there exists a constant C\ > such that 

IMU-(m) < Ci||w|| L 2 (M ) 

and 

\\ L g u \\L^(M) < Ci\\ll\\ L 2( M ) 

for all u E E g (A). Moreover, there is a constant C-2 > such that 

vol(C^v(2r)) < C 2 r k . 
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Now for A < A and u e E g (A — e) the function XrU has its support in M \ Un{t) and can 
hence also be regarded as a function on M. We plug it into the Rayleigh quotient of Lg\ 

{L~ g {XrU),XrU) L2{ M rg) = {L g (% r u) , XrU) L2(Mg) 

= / ((d(Xru),d(x r u)) + cSc&\ g x 2 r u 2 ) dV 

JM 

= I {{d{xru),d{x r u))+x 2 rU{L a -A)u)dV 

JM 

= I ((d(Xru),d(xru)) - (d(XrU),du) + xl uL gu) dV 

JM 

= / {u 2 \d Xr \ 2 + xluL g u) dV 

JM 

u 2 \d Xr \ 2 dV+ { uL g udV+ { {xl-l)uL g udV 



9 

U N (2r) JM JU N (2r) 

^ ll u llio=(M)^vol(C/jv(2r)) + (A-e)||u||| 2(M) 
+ I|w||loo( M )||L 3 u|| L oo( M ) vol(U N (2r)) 



For the denominator of the Rayleigh quotient we have 

ll* rU llz, 2 (M) = \\XrU\\ 2 L 2 (M) 



< [X-e + C'f^C^ + CfC 2 r k )\\u" 2 



> \H\h (M) -\\u\\ 2 



> \MhM)~\W\\U(M)^UU N (2r)) 



L 2 (M) ll"llL 2 (!7,v(2r)) 
L 2 (M) - IMIl°°(M) 

> (l-C 2 C 2 r k )\\u\\h {M) . 
This yields for the Rayleigh quotient 

(Lg(xru),Xru) L2(i4) A - e + 4C 2 C 2 r k - 2 + C\C 2 r k 

for r < R — R(e, A, C 2 , C 2 , k) sufficiently small. From the unique continuation property 
of eigenfunctions it follows that the space {XrU \ u <G E g (\ — e)} has the same dimension 
as E g (A — e) itself. Thus we have shown that the Rayleigh quotient of Lg is bounded by A 
on a space of dimension dimE g (X) — A/" 9 (A). Hence 

Af~ g (X)>Af g (X-s). 

For the proof of this inequality the only assumption on g we have made is that (M, g) 
contains an isometric copy of (M \ [/^(r), g) for sufficiently small r. We may therefore 
perform surgery inside U^{r) and choose an arbitrary extension g of g\ M \ UN ^ to the 

region in M replacing U~N(r). In order to show 

JVg(X)<M g (X + e) 
we will have to make more restrictive assumptions on g. 
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Let So be a lower bound of the scalar curvature of (M, g). Choose a constant Si so large 
that 

(8) Si>mm{0,A/c} and g /c ~^° A< ~ 

i>i — A/c 2 

By Proposition 2. 1 of ^ there is a metric g' on M arbitrarily close to g in the C 1 -topology 
such that for Seal = ScaL/ 



(9) Seal > 



So on all of M, 

2Si on a neighborhood Uq of N. 



Since by Lemma 3.4 the eigenvalues of L g depend continuously on g in the C 1 -topology 
we may without loss of generality assume that (^) holds for Seal = Scal 9 . 

Next we choose -q > so small that 

(10) f ~f° ((A + l- cS )v + V 2 )<l 

Si — A/c 2 

Now choose r > so small that 

• 2y/W{Af B (A + e) + l)r l / A < r 1 , 



. I 2r)'/' i c r-„ 



(2r) 1 / 11 is no larger than the i? in Lemma 3.7 



We perform surgery along N in the neighborhood J7jv(r). Hence M is of the form M = 
(M \ Um{t)) U C7. Surgery in codimension > 3 does not decrease scalar curvature too 
much if the metric g on U is chosen properly, see JTo| , Proof of Theorem A] and [16 Proof 
of Theorem 3.1]. We may assume 

• Scalg > So on all of M, 

• Scalg > Si on U. 

Now assume A/j (A) > m :— Af g (\ + e) for some A < A. This means there is an (m + 1)- 
dimensional space TL of functions on M spanned by eigenfunctions of Lg for eigenvalues 
< A. The space 

H := {xru \ueH} 

has the same dimension m+1 as Tiby the unique-continuation property of eigenfunctions. 
We consider the elements of TL as functions on M (identically on Un (?*)). We will show 
that 

(id (L ,f;,: )L2(M) <A +£ 

\\ v \\l 2 {M) 

for all v € 7i. Hence A/" S (A + e) > m + 1, a contradiction. Let t> = \ r u S 7i, w ^ 0. By 
Lemma 3.6 we have 

n n2 A/c — jSq I, I, 
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Thus 



IMli 2 (M) — IIXrW|!i2( M ) > ll u llL2(Af\(7 J v(2r)) 

A/c-S s 



> 1 



(12) 



Si — So 
^! — A/c 2 _ 

Si - So i2(M) 



L 2 (M) 



We write u = u\ H h u m +i with Lpij — Hjiij, /ij < A. Some of the Uj may be zero. 

Fix p £ [r, (2r) 1 / 11 ]. Set M p := U U Ajv(r, p). Then M p C M is a compact manifold 
with boundary dM p — Sn(p) and Seal > Si on M p . From 



Mill 



l ^L 2 (M p ) 



{LgUj,Uj) L 2( Mp ) 

(Auj,tij)dF + c / Scalu 2 dV^ 



(d,Uj,duj)dV — I Ujd u UjdA + c / Scalu^tfl^ 



> - 



Sjv(p) 



Ujd^ujdA + cS\ \\uj\ 



2 

L 2 (M„ 



we get 



Sn(p) 



ijd 7 UjdA > (cSi — fij)\\uj\\ 



L 2 (M P ) 



> (cSi-A)||^.||^ 
0. 



Lemma 3.7 yields 



\\ U l\\l 2 (A N (r,2r)) ^ 10 r5/2 1 1 u j 1 1 L 2 (A N (r,(2r) 1 /n )) 



< lOr 5 / 2 !^!' 2 



< 10r 5/2 |H| 



■? n L 2 (M) 



L 2 (M) 



and therefore 



Thus 
(13) 



IMl£ 2 (.AAr(r,2r)) — II ^1 H + «m+l || L 2 (A N (r,2r)) 

m+1 

< J! H U ilU 2 (^lv(r,2r)) 
3=1 

< v / 10(m+ l)r 5 / 4 ||w|| 



L 2 (M)' 



-||«ll£»(A w (r,ar)) < ^HIz^M) ■ 
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2 (M) 

v2 



Now we see 

(Av,v) L 2 (M) = \\d(xru)\\ 2 L 2 {M) 

= \\Xrdu + udXr\\ 2 L 2( 
< (\\Xrdu\\ L 2 {M) + \\udXr\\L 2 (M)Y 

^ (\\ du \\ L *(M) + JlMU 2 (;Mr,2r») 
\ du \\ L 2 [ M ) +V\\A L 2 { M ) ) 

(14) < (l + »?)||du||^ (S) + (»/ + ^)||u||^ ( 5 ?) . 

The scalar curvature of M satisfies Seal > Si > on U U f7jv(2r) and therefore 

(15) (Scal 9 v, v) L 2 {M) = (Scalg XrU, Xru) L a^ < (Scalg u, u) L2 ^ 
Combining ( fl4| ) and ( |l5] ) we obtain 

(L g v,v) L 2( M) = (Av,v) L 2 (M) +c(Scal g v,v) L 2( M ) 

< (l + v)\\du\\ 2 L2{K;i) + (v + V 2 )\\u\\ 2 L 2 { m ) + c (^algU,u) L2 ^ f) 

= (1 + v)(LgU, u) l2( m } - 77c(Scal 5 u, u) i2(S?) + (77 + ?? 2 )IM| 2 2(S) 

< (1 + *7)A||< 2(S) ~ ^So|M| 2 L2(r/) + (t, + V 2 )\\u\\ 2 L2{m 

< [\+(A + l-cS )r) + if] \H\ 2 L2{m . 



Dividing this by (|12j) yields 

(L g V,v) L 2 (M) Si -So f^, fA ,, o \ , 2\ 

\Mh {M) ~ s^aT^ x + ^ + 1 - cS ^ + ^ 

A/c—Sq Si - S /,. „ v 2 \ 

= A + ^A7^ A + ^A^ ((A + 1 "^ o)?? + r ' ) 

e e 

< AH h - 

2 2 

by (||) and (|Io|). This proves ( |ll| ) and we are done. □ 

4. Upper bound for k 



We are now going to use Corollary 3.2 together with results from bordism theory to prove 
an upper bound on k in terms of A for simply connected manifolds. The main technical 
tool is the deep result by Stolz [ |l7| ] that a simply connected spin manifold of dimension 
at least five with vanishing a-genus is spin bordant to a manifold with a positive scalar 
curvature metric. From Gromov and Lawson JToj , Cor. C] we know that non-spin simply 
connected manifolds allow metrics of positive scalar curvature and hence have k = 0. 

We begin by showing that k is bounded by the number p n (a) introduced in the following 
definition. 

Definition 4.1. Let n > be an integer and let a £ KO~"(pt). If a = letp„(a) = 0, 
otherwise let p n (a) be the minimum of |7To (N) | for all compact, scalar flat spin manifolds 
N with dim N = n and a (TV) = a. 
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Compact scalar flat manifolds of a given dimension and with a given value of the a-genus 
can always be found, for example among manifolds with special holonomy, compare The- 



orems 4.4 and 4.6. So the minimum in the definition is a well-defined integer. 



Proposition 4.2. Let M be a simply connected differentiable manifold of dimension n > 5. 
Then 

k{M) < Pn (a(M)). 

Proof. If M is non-spin or if M is spin with a(M) = then M admits a metric of positive 
scalar curvature and n(M) = 0. Therefore let M be spin and let a(M) ^ 0. Let N be 
a compact scalar flat spin manifold with dim N = dimM and a(N) = a(M). We then 



have a(M — N) = so by [17 Theorem B] there is a manifold E such that M is spin 
bordant to E + N and E has a metric of positive scalar curvature. The operator L on 
E + N has zero as an eigenvalue of multiplicity \ir (N) | and no negative eigenvalues. The 
\ir (N) | + 1 st eigenvalue is positive and can be assumed larger than 1. 

Since M is simply connected the spin bordism can be broken down into a sequence of 
elementary bordisms given by surgeries of codimension > 3, see [|Io[ Proof of Thm. B]. 
From the Surgery Theorem [O] it follows that for each e > there is a metric on M 
for which the first |7To(iV)| + 1 eigenvalues of L on M respectively L on E + N are e- 
close. This means that the first ^(Af)! eigenvalues of L on M are have absolute value 
smaller than e while the |7To(iV)| + 1 st one may still be assumed larger than 1. This implies 
k(M) < \tto(N)\ so we are done. □ 

Remark 4.3. The argument in the preceeding proof also shows that if M and M' are 
simply connected spin manifolds with dimM = dimM' > 5 and a(M) = a(M') then 
k(M) = k(M'). So for simply connected spin manifolds k depends only on the dimension 
and on the a-genus. 

The next step is to find a concrete bound on in terms of a. We need only consider 

manifolds M of dimension equal to 0, 1, 2,4 mod 8, since otherwise a(M) = 0. We 
begin by looking at the case of dimension divisible by 4. 

A scalar flat spin manifold with a ^ must have special holonomy, and its a-genus is 
determined by the holonomy group. For the irreducible holonomy groups in dimension 
n = 4m the cases of non-zero A-genus are 

• i = 2ifHol = SU(2m), 

• A = m + 1 if Hoi = Sp(m), 

• A = 1 if m = 2 and Hoi = Spin(7), 

and these cases all occur for compact manifolds, see for instance [ |l3[ Theorem 3.6.5]. 



The manifolds N in Definition 4.1 can thus be taken as disjoint unions of products of 
manifolds with holonomy from this list, and A(N) is given by the sum of the products of 
the corresponding values of A. The problem to determine p n (a) is to find a realisation of a 
given value of A with as few as possible terms in this sum. 

We now give an upper bound on p n (a) using manifolds of dimensions 4 and 8 as gen- 
erators. Let K3 be the K3-surface with a Ricci flat metric, this has ^4(K3) = 2. Let Vi, 
i = 0, . . . , 4 be spin 8-manifolds with Pdcci flat metrics and A(Vi) — i. 
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Theorem 4.4. Let M be a simply connected differentiable manifold of dimension n = 
mod 4. Write n — 81 or n — 81 + 4 with I > 1 and let \a(M)\ = A l p + q, p > 0, 
< q < A 1 . Then 

k(M) < p + minjg, I}. 



This theorem follows from Proposition 4.2 and the following Lemma. 

Lemma 4.5. Let n = 81 or n = 81 + 4, I > 1, and let a be an integer. Write \a\ = 4 l p + q, 
< p, < q < A 1 . Then 

Pn{a) <p + min{g,Z}. 

Proof. For simplicity we assume a > 0. If n — 81 we have 

a{pVl + qVl) = A{pVl + qVl) = 4 l p + q = a 

and 

Pn(a) < \MpVI + qVl)\ =p + q. 

If n — 81 + 4 we have 

a(K3 x (pVl + qVl)) = A(pVl + qV±) =4 l p + q = a 

so again 

Pn(a) < \ir (K3x(pVl + qVi))\ =p + q. 
To prove the inequality p n (a) < p + I set 

Wt = VI x Vt 1 -*, i = 0,...,l-l. 

Then dim W t = 81 - 8 and A(Wi) = 4\ Write q = %4\ < % < 4. If n = 81 we 
have 

l-i l-i 
aipVl + V n x Wi) = MpVI + ^V qi x W«) = a 

i=0 i=0 

SO 

Pn(a) < Ko(pV 4 ' + ^ ^ x Wi)\ =p + l. 

i=0 

If n = 81 + 4 we have 

i-i i-i 
a(K3 x (pVl + V qi X Wij) = A( P Vj +J2 V <n x W ^ = a 

1=0 i = 

and 

l-i 

Pn(a) < |tt (K3 x (pVl + J2 V n x = P + 



2 = 



□ 



The inequality in Lemma 4.5 is in general not an equality. Therefore Theorem 4.4 can still 
be improved. 

In dimensions n = 1,2 mod 8 we have a(M) € KCT n (pt) ^ Z/2Z. By \a(M)\ E Z 
we mean if a(M) is zero and 1 otherwise. 

Theorem 4.6. Let M be a simply connected spin manifold of dimension n = 81 + 1 or 
81 + 2, I > 1. Then 

k(M) = \a(M)\. 
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Proof. If a(M) = then there is a metric of positive scalar curvature on M and k{M) = 
0. If a(M) = 1 then 

a(yl x (S* 1 ) 3 ) =a(M) 

where n — 81 + a, a = 1,2 and S 1 is the circle with the non-bounding spin structure. 
From Proposition \.2 it follows that k(M) < 1. Since M does not allow a metric of 
positive scalar curvature we must have n(M) = 1. □ 



5. Miscellanea 



5.1. The stable limit. Theorem 2.4 shows that k{M) can become arbritrarily large be- 
cause this is true for the ^4-genus. In a stable sense it takes only the values and 1. 
More precisely, let B be a compact simply connected 8 -dimensional spin manifold with 
A(B) = 1. Then a(M x B) = a(M) for all manifolds M. Recall that compact manifolds 
with holonomy Spin(7) are examples of such manifolds B. 

Theorem 5.1. Let M be a simply connected spin manifold. Then 

k(M x B p ) < 1 

for all sufficiently large p. 



Proof. We have already seen that k < 1 if the dimension is not divisible by four, so let M 
be a compact simply connected spin manifold of dimension n = 4m. Since a(M x B p ) = 
a(M) we need to find a connected scalar flat manifold N so that a(N) = a(M) and 
dim N = 4m + 8p for some p > 0. 

For a > 1 let Hi be a compact 4i-dimensional manifold with holonomy Sp(i), so that 
A(Hi) =i + l. Assume A(M) > 0. 

First suppose dim(M) = 81 and set A(M) = 2 a (2b + 1). If a + b < I then 

A (v{- a - b x V$ x H 2b ) = A(M) 
so k(M) < 1. If a + b > I then 

A (V 2 a x H 2b ) = A (M x B a+b - [ ) 

and K (M x B a+b ~ l ) < 1. 

Second suppose dim(M) = 8Z + 4 and set A(M) = 2 • 2 Q (26 + 1). If a + b < I then 

A (K3 -KV^ a - b x V£ x H 2b ) = A{M) 
so k{M) < 1. If a + b > I then 

A (K3 xV 2 a x H 2b ) = A (M x B a+b - 1 ) 
and k(M x B a+b ~ l ) < 1. □ 
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5.2. k and coverings. We now examine if there is any monotonicity property of k(M) 
when one replaces M by a finite covering space (or conversely, by a finite quotient). It will 
turn out that this is not the case. 

First we see that sometimes k(M) does not change when passing to a finite covering space. 
For example, if M carries a metric of positive scalar curvature, then so does every covering 
space M, i. e. n(M) = k{M) = 0. Similarly, if M — T n is a torus, then for any k 
positive and integral M has fc-fold coverings M, again diffeomorphic to T n . We then have 

k{M) = k(M) = 1. 

Next we see that k(M) can increase when we pass to a finite cover M. For example, look 
at M = K3#T 4 . By Corollary p| and (§) we have k(M) < k(K3+T 4 ) = k(K3) + 
k(T 4 ) = 2. Choose k > 3 > k(M). Any fc-fold covering of T 4 yields a /c-fold covering 

M of M diffeomorphic to K3 # • k ■ # K3 #T 4 . Then by Theorem WA 



k{M) > 2- 1 ■ A(M) = 2- 1 ■ k ■ i(K3) = k > k(M). 

Finally, we observe that n(M) can also decrease when we pass to a covering. To construct 
examples pick an exotic sphere E™ of dimension n = 1 mod 8 with non-trivial a(E"). 
Such exotic spheres always exist in these dimensions. Let k denote the order of E™ in the 
(finite) group of n-dimensional manifolds homeomorphic to S n . Put M := (5' 3 /(Z/fcZ) x 
5"~ 3 )#E". Then a(M) = a(E ra ) is non-trivial and since M is spin it does not have a 
metric of positive scalar curvature. Thus n{M) > 1. The universal covering M of M is 
diffeomorphic to (S 3 x S , "- 3 )#E™# #E n = S* 3 x S n ~ 3 . Since this has a metric of 
positive scalar curvature we get = n(M) < k(M). 

5.3. Non-positive eigenvalues. For every Riemannian metric the operator L has a finite 
number of non-positive eigenvalues. Similar to the invariant k{M) we can introduce the 
invariant k'(M) as the minimal number of non-positive eigenvalues of L g for all Riemann- 
ian metrics g on the compact manifold M. Again this can be interpreted as a quantitative 
measure of how close a metric on M can come to having positive scalar curvature. Triv- 



ially k < k and all results in the present work except Theorem 2.4 hold with k replaced 



by k' . Unfortunately we do not know how to find lower bounds for k'. 

5.4. The operator A g + c • Scal g for < c < c n . Let c„ = 4 ^~^ . The Conformal 
Laplacian L g = A g + c„ ■ Scal g on a manifold M is positive if and only if M admits a 
metric of positive scalar curvature, which is a topological condition on M. In p. 45] the 
following question is posed. 

Question 5.2. What is the significance of the positivity of the operator A g + c • Scal s for 

< c < c n ? 

(In the reference there is a mistake concerning the coefficient c„ making the question 
slightly different and making the Observation on the same page irrelevant.) 



We will now show that the condition in Question 5.2 gives no topological restrictions. 



Proposition 5.3. Let M be a compact manifold of dimension n > 3 and let < c < c n . 

Then there is a metric ~g on M for which A-g + c ■ Scalg > 0. 
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Proof. Let I be a function on M whose critical points form a discrete set and let g be a 

_ 4 

metric with Scalg > 1 on an open set containing the critical points of I. Set g — f n ~ 2 g 
where / = e" and t is large enough so that 



c • Scal 3 -f = e 2tl I — I 1 - — ) e\dl 



■ ■ Seal, 



is everywhere positive. From ([I]) and (||) it follows that 

u (Ag + c ■ Scalg) u dVg 

|2 i ,. c„„i f2 



M 





2 




fdu H udf 


+ 











u 2 dv; 



> 



for all u E C°° (M), u 0, so Ag + c • Scalg > 0. 



□ 



This also shows that although the surgery result in Theorem 3.1 holds for A + c • Seal, 
c > 0, we would get a trivial invariant if we defined the kappa-invariant using this operator 
with < c < c n ■ 
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